Diffusion based separations are essential for laboratory and clinical dialysis processes. New molecularly thin nanoporous membranes may improve the rate and quality of separations achievable by these processes. In this work we have performed protein and small molecule separations with 15 nm thick porous nanocrystalline silicon (pnc-Si) membranes and compared the results to 1-and 3-dimensional models of diffusion through ultrathin membranes. The models predict the amount of resistance contributed by the membrane by using pore characteristics obtained by direct inspection of pnc-Si membranes in transmission electron micrographs. The theoretical results indicate that molecularly thin membranes are expected to enable higher resolution separations at times before equilibrium compared to thicker membranes with the same pore diameters and porosities. We also explored the impact of experimental parameters such as porosity, pore distribution, diffusion time, and chamber size on the sieving characteristics. Experimental results are found to be in good agreement with the theory, and ultrathin membranes are shown to impart little overall resistance to the diffusion of molecules smaller than the physical pore size cutoff. The largest molecules tested experience more hindrance than expected from simulations indicating that factors not incorporated in the models, such as molecule shape, electrostatic repulsion, and adsorption to pore walls, are likely important.
Introduction
Membranes with nanometer scale pores are an important technology for the separation of proteins and small molecules, with use in research, industrial, and clinical arenas. Dialysis, a diffusion based separation modality requiring a nanoporous membrane, is a staple in laboratory purifications and buffer exchanges. Similarly, the clinical process of hemodialysis utilizes nanoporous membranes for the diffusive separation of proteins coupled with pressurized flow for fluid balance. The development of new membrane materials is needed to improve the precision and efficiency of these frequently used procedures [1, 2] .
Many of the polymer based membranes currently used in dialysis have long tortuous pores and log normal pore distributions with extended tails [3] , resulting in low resolution molecular weight cutoffs. With pore characteristics such as these, only molecules differing significantly in size can be clearly separated. This is of defined slit pores fabricated via photolithography techniques have been shown to be useful in a number of separation and biological experiments [11] . Silicon has also been used as a platform for aligned carbon nanotube (CNT) growth and the creation of CNT membranes [12, 13] . However, both of these novel membranes are still many microns thick. In 2004, Tong et al. fabricated an ultrathin (10 nm) silicon nitride nanosieve with precise, individually drilled pores, a process that is too time consuming for scale up [14] . More recently, a thin (0.7-1 m) anodized alumina membrane, in which the pores self-assemble, was developed with the use of thin film deposition on silicon, although the pore sizes 0.7-1 m are not on the same scale as the nanosieve [15] .
We have previously reported an ultrathin porous membrane material with self-assembling pores called porous nanocrystalline silicon (pnc-Si) [16] . Previous studies with these membranes have shown diffusion based separations of binary mixtures of proteins [16] and the rapid diffusion of small molecules through the pores [17] . In addition, recent experiments have shown that pnc-Si has high hydraulic permeability [18] , can precisely separate closely sized nanoparticles under pressure [18] , and can be used as a highly permeable cell culture substrate [19] . Pnc-Si membranes are fabricated using standard photolithography and silicon chip manufacturing techniques. The freestanding membranes can be made between 7 and 30 nm thick, which is on the same order as their pore sizes. Pore sizes can be tuned by adjusting annealing temperature or ramp rate during pnc-Si production, and pore distributions, which are directly measured using transmission electron microscopy [18] , fall within the size scale of small molecules, proteins, and larger complexes. While pnc-Si membranes have a distribution of pores, the membranes have a distinctly sharp cutoff. Current processes enable the production of more than 100 membrane chips per 4 in. wafer, and this process can be scaled up to a 6 in., 8 in., or 12 in. substrate, which would enable the production of thousands of chips per wafer or whole wafer membrane cartridges for dialysis procedures.
Because of their thinness and unambiguous pore distributions, pnc-Si membranes can be used to test theories of molecular diffusion and can help in understanding how ultrathin membranes can impact diffusive separations. While a porous membrane will prevent any molecule larger than the largest pore from diffusing through, it also hinders the diffusion of molecules smaller than this pore size. Traditional theory suggests that the hindrance is due to (1) steric interactions between the molecule and the pore entrance and (2) frictional interactions between the molecule and the pore walls as it passes through [20] . This theory has seen experimental verification with experiments using track etched mica [21] and porous alumina membranes [22] . Early hindrance models considered the diffusion solely along the central axis of the pore [20, 23, 24] , although newer treatments average the hindrance radially across the entire cross-section [25] . An additional cause of hindrance arises from the parallel diffusion of molecules across the membrane surface between pores [17, 27] . The parallel diffusion and entrance effects are negligible for a thick membrane but significantly contribute to the total resistance of an ultrathin membrane; once a molecule finds a pore it needs only to diffuse a distance on the order of its own length to exit the other side.
In this work we have performed separations with proteins and small molecules using pnc-Si membranes. Using equations defining the resistance to diffusion along the surface of and through a membrane, we have developed 1-dimensional and 3-dimensional models of molecular diffusion. We used these models to analyze the influence of factors such as membrane thickness, porosity, pore size distribution, time of separations, and system geometry on separations. The experimental results were compared with the diffusion models, and good agreement was observed for small molecules. We consider the effect of protein adsorption, and we discuss the potential effects of additional factors including molecular shape, electrostatics, and convection.
Experimental

Pnc-Si membrane fabrication and characterization
Detachable chips with 15 nm thick freestanding pnc-Si membranes were fabricated on 200 m thick 4 in. silicon wafers according to Striemer et al. [16] . 6.5 mm diameter circular chips with six 0.2 mm × 0.2 mm windows of freestanding pnc-Si membranes were prepared for the experimental separations (Fig. 1a) . Pore characterization was performed using transmission electron microscopy (TEM) on 3 mm diameter chips, which are smaller in diameter so as to fit into the TEM sample holder. Each TEM chip had four 0.1 mm × 0.1 mm windows of freestanding pnc-Si membranes. The wafers were annealed in a Solaris 150 rapid thermal processing unit (Surface Science Integration, El Mirage, AZ) at 1000 • C for 60 s with a ramp rate of 100 • C/s.
A Hitachi H-7650 transmission electron microscope was used to view the TEM formatted chips in bright-field mode at 80 kV. Micrographs were taken with an Olympus Cantega 11 megapixel digital camera at a resolution of 100 kX. The TEM micrograph in Fig. 1b shows white open pores and black diffracting nanocrystals within the gray crystallized film. Pore characteristics were determined from TEM micrographs using a MATLAB based image processing program developed by our group (available at: http://nanomembranes.org/resources/software/) (Fig. 1c) . A trained operator can use the program to find pore edges and thereby determine the shape and dimensions of pores and the porosity [18] . 
Protein and small molecule separations
We set up an experimental system that enabled the separations of several proteins and small molecules. The experimental chips from Section 2.1 were sealed into polypropylene SepCon tubes (SiMPore Inc., West Henrietta, NY) between a viton o-ring and a polypropylene retention ring (Fig. 2a) . The polypropylene tube held the fluid wells in contact with the ultrathin membrane, and the retentate and dialysate were removed at the completion of the diffusion experiment.
A series of differently sized proteins and small molecules were prepared for separation experiments.ˇ-galactosidase, phosphorylase b, bovine serum albumin, ovalbumin, and carbonic anhydrase (Sigma-Aldrich, St. Louis, MO) were dissolved 100 mM KCl at a 1 mg/mL concentration. Myosin (Sigma) was used as an intact membrane control, as it is too large to pass through the nanopores. Rhodamine 6 g and hydrogen peroxide were prepared at 100 M in 100 mM KCl. For each protein or small molecule being tested, 20 L of the sample was pipetted onto the retentate side of the membrane and 20 L of 100 mM KCl was pipetted onto the dialysate side. Membranes selected for the experiments had pore characteristics as indicated in Fig. 1c (Porosity 5.9%, Mean pore radius 10.7 nm). Diffusion was allowed to occur for 24 and 48 h time points in a sealed container to prevent evaporation.
The retentate and dialysate samples were collected at the completion of the experiment. The protein samples were analyzed using SDS polyacrilamide gel electrophoresis (SDS-PAGE). The hydrogen peroxide was measured using the Amplex Red hydrogen peroxide kit (Invitrogen, Carlsbad, CA) which produces a colored substrate. Absorbance scans of cytochrome c, rhodamine 6 g, and Amplex Red assay were taken using an Infinite M200 plate reader (Tecan, Mannedorf, Switzerland). The dimensions of the proteins and small molecules were obtained from literature and from dynamic light scattering measurements using a Zetasizer (Malvern, Worchestershire, UK).
Theory
1-D analytical model
To understand dialytic separations with ultrathin membranes, we first developed a simple 1-dimensional model comprised of two fluid wells of length a, separated by a membrane with thickness d (Fig. 5a) . The retentate well, so named as it will contain molecules retained by the membrane at the completion of the simulation, is given an initial homogeneous concentration of molecules. Over the course of the simulation, molecules able to diffuse through the pores will enter the dialysate well. The diffusion of species is governed by Fick's Second Law of diffusion,
where c is the concentration, t the time, D the diffusion coefficient, and x the position within the model. In each fluid well, the diffusing species have a free diffusion coefficient as defined by the Stokes-Einstein relation,
where k is Boltzmann's constant, T the temperature, Á the viscosity, and R s the molecule radius. Diffusion through the membrane is characterized with a reduced diffusion coefficient D m , where D m is a function of both molecule and pore sizes (see below). As the fluid wells are several orders of magnitude longer than the membrane is thick, we can assume the membrane is in a quasisteady state and that the concentration profile in this region is linear [28] . This means that at a point x within the membrane, the concentration will be given by
The flux within the membrane, F m can then be written as
If we neglect molecular adsorption to the membrane, the flux within the membrane, Eq. (4), is equal to the flux entering from or leaving the membrane to the fluid wells, F f ,
We use Eqs. (3)- (5) to form the following jump condition describing the change in concentration across the membrane,
We will treat the membrane at position a as an infinitely thin discontinuity in concentration, although the membrane thickness d is necessary in the calculation of the concentration jump condition.
To develop a non-dimensional statement of diffusion between the two compartments, we first introduce the parameterˇ,
as a ratio of membrane resistance, m to well resistance, w , oř
We also introduce the following scaled forms of our variables:
where C 1 is the initial concentration of the molecule to be simulated in the retentate and C 2 the initial concentration in the dialysate. The final non-dimensional problem is:
Eq. (10) is a dimensionless statement of Fick's Second Law, which holds for the entire system except for the discontinuity at the membrane. Eq. (11) represents the requirement for no outward flux at the walls. Eq. (12) is a non-dimensional form of Eq. (6) that incorporates the idea of a discontinuity at the membrane. Eq. (13) ensures the continuity of flux entering and leaving the membrane within the fluid well portion of the model. Eq. (14) is the initial concentration condition, which give the retentate and dialysate non-dimensional concentrations of 1 and 0 respectively. The solution to this problem is (see Appendix A):
where the eigenfunctions n are given by
and the eigenvalues n are found by solving the following transcendental equation,
For comparison purposes, we have also found an analytic solution for diffusion in an identical system lacking a membrane (Appendix B).
Defining membrane resistance
Membrane characteristics, including thickness, porosity, and pore distribution, can be directly incorporated into the analytical solution through the parameterˇ. In this manner, we can test the resistance imparted by specific membranes on a range of molecule sizes. We will consider the membrane resistance to be from two sources: (1) pore discovery via diffusion to the pore entrance [17, 29] and (2) the steric and frictional hindrance as a molecule enters and passes through a pore [20, [23] [24] [25] .
It has been shown that small molecules encounter negligible hindrance as they diffuse across an ultrathin membrane [17] . The limiting factor for the permeation of these molecules is locating and diffusing to a pore, as pore to pore distances are often greater than the membrane thickness. By modifying an expression for the trapping rate of molecules to an adsorbing patch on a surface [29] , Kim et al. developed a simple expression for the permeability, Ä, of a small molecule through a membrane,
where N is the density of pores and R p is the average pore radius [17] . As this expression neglects steric or frictional hindrances within the pore, we can consider it to be a statement of the pore discovery permeability, P d . We can rewrite Eq. (18) given the pore distributions of pnc-Si membranes as
where i is the index over every pore in the distribution as determined by TEM image processing, A the processed area of the TEM images, and R p the particular pore radius.
As the size of the molecule increases relative to the pore sizes, so do the effects of steric and frictional hindrance. We use a cross sectionally averaged hindrance equation to determine the reduced diffusion coefficient D m , (20) where is the ratio of molecule radius to pore radius (R s /R p ) [25] . We can determine the transmembrane permeability, P t , by summing the diffusion coefficients weighed by the contribution of each pore to the porosity,
Both the pore discovery and the transmembrane permeabilities are functions of the molecule size and membrane characteristics and are independent of the concentration difference.
The membrane resistance, m , or reciprocal of the total permeability, can be obtained by adding the permeabilities like conductances in series [26] ,
The membrane resistance can then be inserted into Eq. (7) to obtain the ratio of resistancesˇ.
3-D computational model
While the 1-D analytic model provides the most basic description of diffusion through an ultrathin membrane and allows simple analysis of the physics of this process, it is not readily comparable with our experiments due to the 3-D geometry of our device. To make this comparison, we have created a 3-dimensional model using the transient diffusion module of COMSOL Multiphysics (COMSOL, Stockholm, SWE). A CAD representation consistent with our experimental system, retentate and dialysate wells separated by a membrane of specific thickness and active area, was built in COMSOL (Fig. 2b) . Simulated molecules were given diffusion coefficients according to Eq. (2). We determined the total permeability of the membrane from pore distributions, Eq. (22), and multiplied it by the membrane thickness to obtain a membrane diffusion coefficient.
The model was meshed by creating a swept mesh through the membrane region by connecting "Extremely Fine" predefined meshes in the wells. The larger fluid wells were then re-meshed with a "Finer" predefined mesh. An initial concentration was specified for the retentate well at time 0, and diffusion was simulated for 24 and 48 h. The concentration of the molecule tested was integrated throughout the retentate and dialysate wells, and a ratio was taken to obtain the sieving coefficients, Eq. (23). Batch processing for multiple molecules was performed using MATLAB (The MathWorks, Natick, MA).
Results and discussion
Protein and small molecule separations
In Fig. 3a we show representative SDS-PAGE results of a 24 h separation of myosin,ˇ-galactosidase, phosphorylase b, albumin, ovalbumin, and carbonic anhydrase using pnc-Si membranes. The smaller proteins diffuse into the dialysate, while the largest remain within the retentate only. Mass balances show that little protein is adsorbed in this system, as the sum of retentate and dialysate band intensities add up to the starting solution (Fig. 3b) . Adsorption in our system can occur on the plastic housing or surface of the membrane, but membrane internal area is low compared to conventional membranes (0.01 m 2 instead of 100 m 2 of internal surface area per m 2 of frontal surface) [18] . We also obtained absorbance scans of retentate and dialysate wells for separations of colored species, as demonstrated for rhodamine 6 g in Fig 3c .
We use a ratio of dialyate to retentate concentrations,
to track the extent of molecular diffusion within the system. We refer to S as a sieving coefficient because of its similarity in definition and use to the sieving coefficient used in convective transport based separations [30] . While sieving coefficients are not normally used to describe diffusion based systems, we find that such a measure is of use in the visualization of separations in our experiments and model. At equilibrium, both dialysate and retenate would have the same concentration and S is equal to 1. Since intensity is proportional to concentration, we can determine S for the protein samples by taking a ratio of dialysate to retentate band intensities from the images of the SDS-PAGE gels using ImageJ [31] . S for colored species was taken as the ratio of peak absorbance of the dialysate to the retentate. In Fig. 3d we show sieving coefficients for a 24 h diffusion experiment plotted against sizes as obtained by literature and dynamic light scattering measurements (Table S3 in Supplement).
Resistance components
The diffusion models were used to better understand the factors, such as membrane resistance, which influence molecular passage in our experiments. In our models, we consider the membrane resistance to be the combination of two separate resistances, the pore discovery (1/P d ) and transmembrane (1/P t ) resistances. The characteristics of the membrane greatly affect the contributions of each of these terms. In Fig. 4a we show the pore discovery resistance, transmembrane resistance, and the sum of these resistances for a 15 nm thin membrane with the pore characteristics the pnc-Si membranes used in the experiments (Fig. 1c) . In an ultrathin membrane, the pore discovery resistance is on the same order or sometimes greater than the transmembrane resistance for molecules much smaller than the physical pore cutoff. Steric and frictional hindrances within the membrane are minimal for small molecules, but since the distance between pores is similar to the distance through the pores, the pore discovery resistance can be significant and in some cases even dominant (see Supplement). For larger molecules, the transmembrane resistance outweighs the pore discovery resistance and eventually becomes infinite for molecules as large as or larger than the pores. In thick membranes with the same pore characteristics of a pnc-Si membrane, the transmembrane resistance dominates for all molecule sizes (Fig. 4b) . The numerical value of the total resistance in thick membranes is also much higher than ultrathin membranes. A comparison can also be made between total membrane resistances and the resistance to diffusion within the fluid wells (Fig. 4c) . The total resistance for thick membranes surpasses the well resistance at smaller molecule sizes than for ultrathin membrane, even though both membranes have the same pore radii and porosity.
Visualizing membrane resistance
The 1-D analytical model removes geometric complexity and reduces the problem to the basic physics of separation. This enables simple visualization and analysis of the theoretical separations. In Fig. 5 we compare results for the diffusion of a 5 nm radius molecule through no membrane, an ultrathin membrane (15 nm), and a thick membrane (5 m). Both membranes were given pore distributions from the pnc-Si membrane in Fig. 1c . The separations depicted in Fig. 5 are for a system with 1 mm fluid wells at 0, 100, 1000, and 10,000 s.
The concentration profiles of the free diffusion (Fig. 5b ) and ultrathin membrane (Fig. 5c ) simulations are identical, indicating that a 5 nm radius molecule experiences neglible hindrance from the molecularly thin membrane under these conditions. While there is resistance from the ultrathin membrane, a molecule only experiences this hindrance over a distance similar to its own size, and so the transport time is negligible compared to bulk transport.
A 5 m thick membrane with the same pore characteristics as the 15 nm thick membrane has a 300× largerˇ, Eq. (7), for a separation with a 5 nm radius molecule. The concentration profiles for this case (Fig. 5d ) demonstrate an obvious concentration jump across the membrane. The higher resistance slows the diffusion of the molecules through the membrane and increases the time required for the system to reach equilibrium.
Sieving by thin and thick membranes
To visualize separations over an entire range of molecule sizes, we use the 1-D model to generate sieving coefficients, Eq. (23), over time. To simplify the analysis, we have used a monodisperse, 10 nm radius pore distribution. The sieving coefficients for molecule radii ranging from 0.5 to 12 nm and times of 1, 6, and 24 h using both 15 nm and 5 m thick membranes are shown in Fig. 6 . Again, we have included a free diffusion case for comparison. A sieving coefficient of 1 indicates that the system has reached equilibrium.
We observe that diffusion through ultrathin membranes follows the free diffusion curve until the molecule size is within ∼30% of the physical pore cutoff for short times and ∼10% for long times. The steepness of the sieving profile near the cutoff indicates that high resolution separations are possible with molecularly thin membranes and that the resolution improves as equilibrium is approached. In contrast, separations with thick membranes lag behind the free diffusion curves at all times. Even the diffusion of the smallest molecules through thick membranes is slowed by the 10 nm radius pores. The hindrance is higher for molecules in the thicker membrane because of the length of the pores they must diffuse through, and this would lower the resolution of a separation at any time point. Thus molecularly thin membranes are expected to fractionate mixtures based on size more quickly and with a higher resolution cutoff than their thick counterparts at all times before equilibrium.
Factors that influence membrane separations
In addition to membrane thickness, several other factors can affect the performance of membranes in dialysis, including (1) porosity, (2) pore size distributions, (3) time of separations, and (4) well geometry. Understanding the impact of these factors is important for the optimization of experimental separations. We can visualize the effect of these factors by normalizing sieving coefficients with membranes, S mem , to those from a membraneless separation, S 0 . The ratio S mem /S 0 deviates from 1 as membrane resistance slows transport relative to free diffusion. A curve generated by taking this ratio for a range of molecule sizes will be referred to as a normalized sieving profile. In the panels of Fig. 7 we examine the effects of porosity (Fig. 7a) , pore size distributions (Fig. 7b) , time (Fig. 7c) , and well geometry (Fig. 7d) on the normalized sieving profile. A dotted line indicates the projected equilibrium at infinitely long times.
We first investigated the influence of porosity on separations (Fig. 7a) . The results show that as the porosity of an ultrathin membrane decreases, the effective cut-off and sieving resolution of the membrane both decrease at a particular time point. Recalling that the resolution improves as equilibrium is approached, we see that the lower porosity diminishes resolution by directly increasing both pore discovery and transmembrane resistances and slowing transport. A thick (5 m) membrane with 5% porosity is shown for comparison. Note that even with 10× lower porosity than a thick membrane, an ultrathin membrane exhibits sharper resolution separations at the same time point. (Fig. 1c) , the diffusion is indistinguishable from the no membrane case. (d) If a thick (5 m) membrane with the same pore radii and porosity separates the wells, the diffusion is hindered, as indicated by the large concentration jump across the membrane and the slower approach to equilibrium.
Next we inspected the contribution of different pore sizes on separations with ultrathin membranes (Fig. 7b) . To perform this analysis, porosity was kept constant at 5%, and we simulated membranes with 5 nm radius pores (636 pores/m 2 ) and 10 nm radius pores (159 pores/m 2 ). The 10 nm radius pore membrane exhibits a sharp drop in the normalized sieving profile near the 10 nm cutoff, and a similar 5 nm cutoff is visible for the 5 nm radius pore membrane. If we add the pore distributions of these membranes together and simulate a 5 and 10 nm radius pore membrane with 10% porosity, we see a normalized sieving profile similar in appearance to the original 10 nm radius pore membrane. This illustrates that pores significantly below the physical pore cutoff do not contribute to the separation even through they increase the overall membrane porosity. In the case of the thick membrane, the addition of the 5 nm radius pores does effect the normalized sieving profile for the smallest molecules. Although the effect on the sieving profile is slight, it serves to illustrate that thicker membranes are more sensitive to pores below the cut-off than ultrathin membranes. We then examined the effect of time on the normalized sieving profiles (Fig. 7c) . As we saw for non-normalized sieving curves (Fig. 6) , shorter times are associated with smaller effective cut-offs and lower resolution. This is because small size differences between molecules can result in significant hindrance differences at short times. The non-equilibrium profiles are not only relevant for short duration experiments, but they can represent the steady-state profiles in a device where a constant concentration jump is maintained across the membrane by the supply and removal of species. Our results suggest that diffusion in such a situation would deviate from free diffusion for molecules within ∼30% of the pore size cut-off.
The final factor we have chosen to investigate is the geometry of the experimental system. Separations in longer fluid wells will have a larger equilibrium time constant, ,
and in Fig. 7d we show simulations at 0.4 for several geometries (Fig. 5d) . Specifically, we compare our standard 1 mm well at 1 h to a 1 cm well at 100 h and a 50 m well at 1/400th of an hour (9 s). Even though each system has evolved the same degree toward equilibrium and involve the same membrane, the cut-off and resolution are clearly lower for the smaller geometry. This occurs because as the wells become smaller, the transfer time across the membrane becomes a more significant fraction of the diffusion through the entire system, and thus the membrane has a greater resistance relative to the bulk resistance. The 50 m separation is of particular interest because this form factor could be realized in the development of microfluidic separation devices or bioreactors. The results above should help guide the design of devices and conditions that achieve separations by diffusion through ultrathin membranes. In comparison to conventional thick membranes, Factors that influence separations by ultrathin membranes. Here we plot sieving coefficients normalized to sieving coefficients obtain from a membraneless separation (free diffusion case), Smem/S0, for a series of molecule sizes. This normalized sieving profile shows the extent to which hindrance by the membrane influences the separations. Except for the particular factor being adjusted, the separations are for a 15 nm thick membrane with 5% porosity and 10 nm radius pores for a 1 h separation in a system with 1 mm fluid wells. The dotted line represents equilibrium (time >100 days). (a) Lowering porosity increases the influence of the membrane on molecules below the 10 nm cutoff. A 5 m thick membrane is included for comparison. (b) Small pores do not change the normalized sieving profile for 15 nm thick membranes. Adding more small pores to a thick membrane has some effect on the sieving profile. Separations with thin membranes are thus governed by the pores close to the physical pore cutoff, while the entire distribution of the membrane affects the separations for thick membrane. (c) The membrane has a greater affect on the normalized sieving profile at shorter time scales. This occurs because slight hindrance differences are significant at short times (d) Smaller wells reach equilibrium faster but are more sensitive to the membrane. Profiles are shown in each case at a characteristic time to equilibrium 0.4 , where = a 2 /D0. ultrathin membranes will reach equilibrium faster and will enable higher resolution separations at time points far from equilibrium. As separations are carried out for longer times, the resolution of the separation will improve and the molecular cutoff will occur at a size similar to the largest pore size. The yield and purity of the both retentate and dialysate species will also improve with time. At times far from equilibrium, the resolution of separations with ultrathin membranes remains high but has a smaller effective cutoff than suggested by the largest pore size in the distribution. Thus there is an opportunity to purify species well below the absolute cutoff, although with lower yield than a near-equilibrium process would have such short duration separations will require simulations to anticipate the cutoff, resolution, purity, and yield. One important determinant of the quality of separation is the geometry of the diffusion chamber. While smaller volumes approach equilibrium quicker, the contribution of membrane resistance to the total system resistance also becomes higher, and thus benefits smaller systems do not increase in direct proportion to their reduced size.
Comparison to experiments
Simulations with the 3-D model reveal a high sensitivity to system geometry. A slice through the 3-D model after 10 h of diffusion of a 5 nm radius molecule shows significant depletion directly above the membrane windows but shallow gradients elsewhere, illustrating slow lateral diffusion in the bulk (Fig. 8) . Thus the timescale for lateral diffusion in the bulk is a major determinant of the time to equilibrium because of the limited degree to which the membranes span the cross section of the chambers (See Fig. 2) .
In Fig. 9 , we compare 3-D simulations to diffusion experiments at 24 and 48 h. At both time points, the experimental separations follow the sieving profile predicted from the pore distribution shown in Fig. 1c for all but the largest molecules,ˇ-galactosidase and phophorylase b (Fig. 9a) . These results support the prediction that an ultrathin membrane offers effectively no resistance to small molecules but indicates a greater hindrance than predicted by existing sieving models for molecules larger than 30% of the membrane pore size. Note that the retentate and dialysate samples were completely homogenized during collection, and we compare simulations to experiments by integrating the simulated retentate and dialysate wells to compute average concentrations.
There are several likely explanations for the differences between experiments and theory for large molecules. First we note that any factor that reduces measured pore sizes from those measured in TEM micrographs would slow diffusion relative to predictions. For example, electrostatic repulsion would reduce the effective pore size and increase the transmembrane resistance [32, 33] . Pre- vious experiments with different salt concentrations have shown that electrostatics do influence the diffusion of molecules through the pores [16] . At the salt concentrations in these experiments (100 mM), the Debye length, or distance to 1/e dropoff of surface potential, is only ∼1 nm and so the effect on pore size The largest molecules deviate from the theoretical sieving profile. We plot at additional simulation with an added 5 nm protein adsorption ring to the pores, and this adjustment fits the data for both 24 and 48 h. reduction appears too small to account for the hindrance seen. A rigorous treatment of electrostatics, such as the analysis by Smith and Deen [34] , could be used to create more detailed future models in cases where electrostatic interactions are important.
A second known factor that will reduce pore sizes is protein adsorption to the edges of pores. While adsorption causes negligible sample loss to the membrane (Section 4.1), this does not mean that adsorption does not occur. Indeed, we have previously shown that incubation with albumin creates a ∼3.5 nm thick protein layer on the internal surface of the pore [16] , which is consistent with the thickness of an albumin monolayer [35] . The effects of adsorption can be added to the simulation by subtracting the thickness of the adsorption layer from the pore sizes. We simulated several thicknesses of protein coating, and found that a 5 nm layer fit both the 24 h and the 48 h data (Fig. 9) . A 5 nm layer does not impede the diffusion of small molecules, but creates more hindrance for larger molecules. Given that there are several proteins in the system with sizes greater than 5 nm, it is reasonable that a ring of denatured proteins of this size is created within pores. Note that the size and composition of this protein layer may change with time [35] .
Another source of potential inaccuracy in our simulations could be found in the hindrance function itself (Eq. (20)). While the theoretical treatments behind this equation establish its validity for 0 ≤ ≤ 0.95, few experiments test hindrance theory for molecules close in size to the pore sizes in cylindrical pores [25] . One practical difficulty with verifying the equations for larger particles has been that the passage through long pores is so slow that it is difficult to measure. In this way ultrathin membranes provide an opportunity to test long-standing theories about sieving through cylindrical pores. Proteins are not an ideal choice for such tests, as the effects of protein adsorption, shape, and flexibility contribute complexity (see Supplement for more comprehensive data on molecular shapes and sizes). Future tests of these sieving models should be done with rigid nanoparticles with a known charge density.
The influence of convection is considered to be minimal due to the low volumes and isolation of the system from thermal gradients and air currents, through gravity and osmosis may cause flow through the membrane. Given a 1 mm pressure head, gravity induced flow through the membrane is at best several nanoliters (see Supplement). While collected volumes in rentenate and dialysate are similar to initially pipetted volumes, osmotic pressure calculations indicate that initial volumetric flow rates could fall between 10 −5 and 10 −4 L/s, and could lead to the transfer of ∼2 L (10% volume change) in an hour at the most (see Supplement). The initial flow rate would decrease over time and may be much lower than calculated as the calculation neglected proteins that can pass through the membrane and the highly mobile ions in the buffer. Fluid entering the retentate by osmosis will slow diffusion to the dialysate due to the convection and reduction of the concentration gradient. Experiments with pure proteins at 1 mg/mL and proteins at a partial concentration of 1 mg/mL within a 5 mg/mL mixture have yielded similar sieving coefficients, indicating that effects of osmosis in the more concentrated mixtures are minimal.
Interactions between molecules within the pores, a function of the concentration, might also lead to a discrepancy between experiment and theory. However, total protein mixture concentrations are low enough that molecular interactions would not be predicted in the bulk (see Supplement). Interactions between molecules within pores should also be minimal in ultrathin membranes where pore lengths are similar to molecule sizes, as pores are likely to contain only one molecule at a time.
Conclusions
In this work we have performed experimental molecular separations using ultrathin (15 nm) nanoporous membranes and compared experiments to hindrance theory. Ultrathin membranes present a unique opportunity for high resolution separations not afforded by thick conventional membranes. Our 1-D diffusion model indicates that longer times provide higher resolution separations, and ultrathin membranes allow separations to reach equilibrium more quickly than their thicker counterparts. Even far from equilibrium, high resolution separations are attainable with ultrathin membranes. In simulated separations with ultrathin membranes, molecules 30% smaller than the largest membrane pores experience essentially no resistance from the membrane and diffuse as if by free diffusion through the barrier. This contrasts to simulations with 5 m thick membranes which show hindrance and low resolution at all molecule sizes until very long times. A 3-D model that captures the physical geometry of our experimental system compares well to experimental separations. In our experiments, small molecules and small proteins diffuse through the membrane as if by free diffusion, but the largest proteins exhibit lower sieving coefficients than our model predicts suggesting that neglected factors, such as shape, electrostatics, and adsorption can affect the separation characteristics for larger molecules. The discrepancy between theory and experiments is eliminated if we assume a 5 nm absorbed protein layer reduces all pore sizes identified in the membrane histogram. We expect that the models presented here will help guide the design of experiments and devices that use ultrathin membranes for dialysis and molecular separations, although more advanced sieving models will need to be developed and tested to accurately predict the rate of passage of molecules close in size to the largest pores.
We can solve the problem in Eq. (9) using separation of variables so that c(x,t) = (x)T (t).
(A.1)
The solution for the temporal component of the concentration, T(t), is 
Appendix B.
An additional 1-D analytical model lacking a membrane, or the free diffusion case, was simulated for comparison purposes. The following problem was scaled using Eq. 
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